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Abstract – The simplest hybrid Bayesian network
is Conditional Linear Gaussian (CLG). It is a hy-
brid model for which exact inference can be performed
by the Junction Tree (JT) algorithm. However, the
traditional JT only provides the exact first two mo-
ments for hidden continuous variables 1. In general,
the complexity of exact inference algorithms is expo-
nential in the size of the largest clique of the strongly
triangulated graph that is usually the one including
all of discrete parent nodes for a connected contin-
uous component in the model. Furthermore, for the
general nonlinear non-Gaussian hybrid model, it is
well-known that no exact inference is possible. This
paper introduces a new inference approach by unifying
message passing between different types of variables.
This algorithm is able to provide an exact solution
for polytree CLG, and approximate solution by loopy
propagation for general hybrid models. To overcome
the exponential complexity, we use Gaussian mixture
reduction methods to approximate the original density
and make the algorithm scalable. This new algorithm
provides not only the first two moments, but full den-
sity estimates. Empirically, approximation errors due
to reduced Gaussian mixtures and loopy propagation
are relatively small, especially for nodes that are far
away from the discrete parent nodes. Numerical ex-
periments show encouraging results.

Keywords: Hybrid Bayesian networks, message
passing, Gaussian mixture

1 Introduction
A Bayesian network (BN) [2] [3] [4] [5] represents a
joint probability distribution over a set of random
variables (RVs) as a directed acyclic graph (DAG) and
a collection of conditional probability distributions
(CPD). The nodes of the DAG represent RVs, the
arcs represent dependencies, and the CPDs parame-
terize the distributions. Over the past few decades,

1With extra computations, [1] presented a scheme of JT that
can provide full marginal densities.

BNs have become increasingly popular as a powerful
tool for representing uncertainty for complex prob-
lems. Although both exact and approximate infer-
ence for BN are NP-hard in general [6] [7], a number
of inference algorithms have been reported in the lit-
erature [8]. However, inference for hybrid models with
both discrete and continuous variables has many diffi-
culties and open issues. The simplest hybrid Bayesian
network model is called Conditional Linear Gaussian
(CLG) [9], in which a discrete node can have contin-
uous children, but a continuous node is not allowed
to have discrete child. Given its discrete parents, a
continuous variable in CLG has a linear functional
relationship with its continuous parents. The Junc-
tion Tree algorithm [10] [9] can be applied for CLG to
provide a solution with the exact first two moments
of posterior distributions for hidden continuous vari-
ables, and exact posterior probabilities for hidden dis-
crete variables. It is also possible to obtain the full
marginal densities using an extended JT scheme [1].
But in general, the complexity of the Junction Tree al-
gorithm is exponential in the size of the largest clique
of the strongly triangulated graph, which is usually
the clique determined by the size of state space of
all discrete parent nodes in a connected CLG [11].
For a general hybrid BN with nonlinear and/or non-
Gaussian RVs, as commonly known, there is no ex-
isting method that could produce exact posterior dis-
tributions. Hence, one has to rely on approximate
methods in that case.

Because of the heterogeneity of variables and arbi-
trary functional relationships in general hybrid mod-
els, approximate methods usually produce errors due
to functional transformation, distribution approxima-
tion, discretization, or structure simplification. For
example, Likelihood Weighting (LW) [12] [13] is a
general-purpose simulation algorithm that is model-
independent, but has difficulty handling unlikely evi-
dence; The Mixture of Truncated Exponential (MTE)
algorithm [14] produces closed form solutions, but in-



troduces errors due to approximating arbitrary distri-
butions using mixtures of truncated exponentials; Hy-
brid Loopy Propagation algorithm [15] uses mixture of
Gaussian to represent continuous messages, and then
computes messages by numerical integrations.

In this paper, we are particularly interested in the
message passing framework because of its simplicity
of implementation and good empirical performance.
In [16] [17], we presented a hybrid loopy propagation
method that uses network partitioning, and then in-
tegrates information via the interface nodes. This hy-
brid message passing algorithm also allows us to apply
any suitable algorithm to an individual sub-network.
An advantage of the hybrid algorithm is that it is
easier to accommodate an efficient algorithm for in-
ference within homogeneous sub-networks. However,
a disadvantage is that we have to conduct inference
conditioning on all the discrete parent nodes (i.e., in-
terface nodes). Therefore, the algorithm has an ex-
ponential complexity proportional to the product of
sizes of discrete parent nodes, which is the same as
the Junction Tree algorithm.

Pearl’s message passing algorithm [3] is the first
exact inference method originally proposed only for
polytree discrete Bayesian networks. For networks
with loops, applying Pearl’s message passing in a
”loopy” fashion usually converges and provides good
approximate results [18]. For pure continuous net-
works, similarly, Pearl’s algorithm is applicable with
continuous message represented in appropriate forms
such as the first two moments of Gaussian. However,
it lacks an efficient way to exchange messages between
discrete and continuous variables in a hybrid network.
In this paper, we attempt to develop a unified mes-
sage passing framework for general hybrid networks
without network partitioning or graph transforma-
tion. Based on the traditional Pearl’s message passing
mechanism, we derive formulae for computing mes-
sages being exchanged between discrete and continu-
ous variables directly. In the framework, each node in
the networks propagates messages to its neighbors and
depending on the node type, messages are computed
accordingly under various circumstances. We call this
new distributed approach Direct Message Passing for
Hybrid Bayesian Network (DMP-HBN). A similar ap-
proach has been taken in [19] using Gaussian mixtures
to approximate hybrid conditional densities. In our
method, we use the original CPDs without approx-
imation and provide an exact solution for polytree
networks.

The remainder of this paper is organized as follows.
Section 2 describes the DMP-HBN algorithm in de-
tail. The scalability of our new algorithm is also ad-
dressed in the same section. Section 3 shows our nu-
merical simulation examples. Finally, we summarize
and discuss future research in Section 4.

2 Direct Message Passing
This section describes DMP-HBN algorithm in detail.
We first briefly review Pearl’s original message pass-
ing algorithm. We then extend it for general hybrid
models.

2.1 Pearl’s Message Passing Algo-
rithm

Recall that in a polytree network, any node X d–
separates evidence into {e+, e−}, where e+ and e−

are evidence from the sub-network “above” X and
“below” X respectively. Every node in the network
maintains two values called λ and π. The λ value of
X is the likelihood, defined as:

λ(X) = P (e−X |X) (1)

The π value of X, defined as:

π(X) = P (X | e+X) (2)

is the conditional probability distribution of X given
e+X . It is easy to see that the belief of a node X given
all evidence is just the normalized product of its λ
and π values:

BEL(X) = P (X |e) = P (X |e+X , e−X)

=
P (e−X |X, e+X)P (X |e+X)P (e+X)

P (e+X , e−X)

= αP (e−X |X)P (X |e+X)

= αλ(X)π(X) (3)

where α is a normalizing constant. In message pass-
ing, every node sends λmessages to each of its parents
and π messages to each of its children. Based on its
received messages, every node updates its λ and π
values correspondingly. The general message propa-
gation equations of Pearl’s algorithm are the following
[3]:

π(X) =
∑
T

P (X | T)

m∏
i=1

πX(Ti) (4)

λ(X) =

n∏
j=1

λYj (X) (5)

πYj (X) = α

⎡
⎣∏
k �=j

λYk
(X)

⎤
⎦π(X) (6)

λX(Ti) =
∑
X

λ(X)
∑

Tk: k �=i

P (X |T)
∏
k �=i

πX(Tk) (7)

where T = (T1, T2, ..., Tn) are the parents of node X;
Y = (Y1, Y2, ..., Ym) are children of node X; λYj (X)
is the λ message node X receives from its child Yj ,



λX(Ti) is the λ message X sends to its parent Ti;
πX(Ti) is the π message node X receives from its par-
ent Ti, πYj (X) is the π message X sends to its child
Yj ; and α is a normalizing constant.

Equations (4) to (7) are recursive equations, so
we need to initialize messages properly to start the
message propagation. Again, Pearl’s algorithm is
originally designed for discrete polytree networks, so
these propagation equations are for computing dis-
crete probabilities. When Pearl’s algorithm is ap-
plied to a pure discrete polytree network, the mes-
sages propagated are exact and so are the beliefs of
all nodes after receiving all messages. For pure con-
tinuous networks with arbitrary distributions, we pro-
posed a method called Unscented Message Passing
[20] using a similar framework with different message
representations and a new corresponding computation
method. However, with both discrete and continuous
variables in the model, passing messages directly be-
tween different types of variables requires additional
techniques.

2.2 Direct Message Passing between
Discrete and Continuous Variables

In CLG, a continuous node is not allowed to have any
discrete child. Therefore, the only case we need to
consider when exchanging message between different
types of variables is the case of a continuous node with
discrete parents. Without loss of generality, suppose
that we have a typical hybrid CPD involving a con-
tinuous node X with a discrete parent node D and
a continuous parent node U , as shown in Figure 1.
Messages sent between these nodes are: (1) π mes-
sage from D to X , denoted as πX(D); (2) π message
from U to X , denoted as πX(U); (3) λ message from
X to D, denoted as λX(D); and (4) λ message from
X to U , denoted as λX(U). In addition, each node
needs to maintain its λ and π values.

UD

X

Figure 1: A typical node with hybrid CPD — contin-
uous node X has discrete parent D and continuous
parent U .

Let us look at these messages one by one, and derive
their corresponding formula based on Pearl’s tradi-
tional message passing mechanism. First, recall from

Equation (6), πX(D) can be computed by substitu-
tion:

πX(D) = α

⎡
⎣ ∏
child �=X

λchild(D)

⎤
⎦ π(D) (8)

where λchild(D) is λmessage sent toD from each of its
children except X , and π(D) is the easily computed
message sent from the discrete sub-network “above”
D. Note that λchild(D) is always in the form of a dis-
crete vector. After normalizing, πX(D) is a discrete
probability distribution serving as the mixing prior
for a Gaussian mixture.
Similarly, but in a different form, πX(U) can be

computed as:

πX(U) = α

⎡
⎣ ∏
child �=X

λchild(U)

⎤
⎦ π(U) (9)

where λchild(U) are λ messages sent to U from its
continuous children other than X . These λ messages
are continuous messages in the form of Gaussian mix-
tures. π(U) is π value of U , and its computation
depends on the type of parent nodes it has. The gen-
eralized computation of π(X) will be described in the
next paragraph. Finally, the resulting πX(U) is a nor-
malized product of Gaussian mixtures, resulting in
another Gaussian mixture with a greater number of
components.
Now for π(X), by applying Equation (4) with inte-

gral replacing summation for continuous variable, we
have,

π(X) =
∑
D

∫
U

P (X |D,U)πX(D)πX(U)dU

=
∑
D

[
πX(D)

∫
U

P (X |D,U)πX(U)dU

]

(10)

where πX(D) and πX(U) are π messages sent from
D and U respectively. For a given D = d, P (X |D =
d, U) defines a probabilistic functional relationship be-
tween X and its continuous parent U . The integral of
P (X |D = d, U)πX(U) over U is equivalent to a func-
tional transformation of πX(U), which is a continuous
message in the form of a Gaussian mixture. In this
functional transformation process, we pass each Gaus-
sian component individually to form a new Gaussian
mixture. Essentially, π(X) is a mixture of continu-
ous distributions weighted by πX(D). To avoid the
potential for growing complexity of the message, it
is possible to approximate the mixture with a single
Gaussian density or a Gaussian mixture with fewer
components.
λ(X) is relatively straightforward to compute as it

is the product of λ messages from each of its children,



which must be continuous variables due to the CLG
model restriction. However, since we represent a con-
tinuous message as a Gaussian mixture, the product
of a set of Gaussian mixtures will be another Gaussian
mixture with increased number of components.

Let us now turn to the computation of messages
sent from X to its parents D and U . As shown in
Equation (7), λ message sent to its parents is es-
sentially an inverse functional transformation of the
product of the λ value of the node itself and the π
messages sent from all of its other parents via the
function defined in the CPD of X . It can be derived
as,

λX(D = d) =

∫
X

λ(X)

∫
U

P (X |D = d, U)πX(U)dUdX

(11)
where

∫
U
P (X |D = d, U)πX(U)dU is a functional

transformation of a distribution over U into a dis-
tribution over X . Further, multiplying by λ(X) and
integrating overX , results in a non-negative constant,
serving as a likelihood of X given D = d.

Similarly, the λ message sent from X to its contin-
uous parent U can be expressed as:

λX(U) =

∫
X

λ(X)
∑
D

P (X |D,U)πX(D)πX(D)dX

=
∑
D

[
πX(D)

∫
X

λ(X)P (X |D,U)dX

]
(12)

Note that
∫
X λ(X)P (X |D,U)dX is an integral of the

product of X ’s λ value and its conditional probability
distribution; this integral is over X itself. Therefore
it results in a density estimate of its parent multiplied
by a coefficient. This coefficient is very critical in com-
puting mixing priors with πX(D) when there is more
than one component in the mixture distributions.

Equations (8) to (12) form a baseline for computing
messages between discrete and continuous variables.
Along with the well-defined formulae for computing
messages between the same types of variables, they
together provide an unified message passing frame-
work for hybrid Bayesian network models. When the
network is a polytree, messages propagated between
nodes are exact and so the beliefs. When there are
loops in the network, DMP-BN still works in the same
way as so-called loopy propagation but provides ap-
proximate solution. Note that the presence of discrete
parents for continuous variable makes the correspond-
ing continuous messages necessarily a mixture distri-
bution. Unfortunately, the number of mixture com-
ponents in the message increases exponentially with
the size of joint state space of the discrete parents. In
order to scale the algorithm, one alternative is to com-
bine or reduce the mixture components into smaller
ones, trading off complexity against accuracy.

2.3 Complexity and Scalability

The complexity of exact inference for a hybrid model
is essentially determined by the size of the joint
state space of all discrete parent nodes (i.e., inter-
face nodes). It is easy to prove that, in a connected
CLG, all discrete parents will end up in one clique
with at least one continuous node [11]. Sometimes,
even a CLG with very simple structure can give rise
to an intractable clique tree. For example, the net-
work shown in Figure 2 will have all of its discrete
nodes in one clique, hence making the computations
exponential in the size of the joint state space of all
discrete nodes. If each discrete node has 10 states,
then the resulting clique will have size 10n, where n
is the number of discrete nodes.

A1 A2 AnA3 …

Y1 Y2 Y3 YnT E

Figure 2: A simple CLG that has an exponential
clique tree: A1, A2, ...An are discrete nodes, and
T, Y1, Y2, ..., Yn, E are continuous nodes.

DMP-HBN has the same problem when exact in-
ference is required. This is because for each state of a
discrete parent node, its continuous child has to com-
pute messages according to the function defined in the
CPD. Therefore, messages sent by a continuous node
with a hybrid CPD will be in the form of a Gaus-
sian mixture in which the components are weighted
by probabilities passed from its discrete parents. In
particular, as shown in Equaion (10) and (12), π(X)
and λX(U) are mixtures of Gaussians with the num-
ber of Gaussian components equal to the size of the
state space of its discrete parent D. When a mixture
message propagates to another continuous node with
discrete parents, the message size will increase again
exponentially. However, while JT has to deal with this
intractability, DMP-HBN has the choice to approxi-
mate the original Gaussian mixture with a smaller
number of components. In many cases, a Gaussian
mixture with significantly fewer components can ap-
proximate the original density very well. Let us as-
sume that f(x) is the true density, and f̂(x) is the
approximate Gaussian mixture. We use the following
distance measure as the metric, called Normalized In-
tegrated Square Error (NISE):

d =

∫
(f(x)− f̂(x))2dx∫

(f(x))2dx+
∫
(f̂(x))2dx

.

An example shown in Figure 3 demonstrates a reason-
able estimate using only 4 components to approximate



a Gaussian mixture with 20 components (
√
d < 3%).

With a pre-defined error bound, Gaussian mixture re-
duction methods such as the ones proposed in [21, 22]
can be applied to find a good approximate mixture
with a smaller number of components. It is straight-
forward to incorporate these methods into DMP-HBN
to make the algorithm scalable with an acceptable ac-
curacy trade-off. However, it is non-trivial to estimate
the inference error after the messages are compressed
and propagated. In the next section, we will provide
some performance results with numerical experiments
to evaluate the algorithm under various situations.
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Gaussian mixture reduction with bounded error

20−component GM

4−component app. GM

Figure 3: Using a 4-component GM to approximate a
20-component GM with

√
d < 3%.

3 Numerical Experiments
Theoretically, DMP-HBN can provide exact results
for a polytree CLG. For verification purpose, an ex-
ample model called Poly12CLG as shown in Figure 4,
was used for the experiment.

Assume evidence is observed on leaf nodes E, and
Z. With random observations, we conducted more
than 30 independent experiments and compared DMP
results with the ones obtained by the Junction Tree
algorithm (we used the well-known commercial soft-
ware Hugin as the JT implementation). The latter
algorithm is considered to be the gold standard and
the resulting solutions serve as the ground truth. All
experiments show that DMP-HBN provides results
identical to the ground truth. Furthermore, our algo-
rithm provides full density estimates whereas JT only
provides the first two moments for hidden continu-
ous variables. In case of a multi-modal true posterior
distribution, full density estimation is obviously pre-
ferred. Figure 5 illustrates a true bi-modal posterior
distribution example obtained by DMP-HBN, com-
pared to a single Gaussian obtained by JT with the
same first two moments.

H

E

L

Z

C W

B Y

X

UA

V

Figure 4: An example polytree CLG model
called Poly12CLG, consisting of 7 discrete
nodes V,A, L,B,H,C,E and 5 continuous nodes
U,X, Y,W,Z.

−6 −4 −2 0 2 4 6 8
0

0.05

0.1

0.15

0.2

0.25 DMP−HBN
JT

Figure 5: Performance comparison: a bi-modal true
posterior density by DMP-HBN, v.s., a single Gaus-
sian estimate by JT.

We also conducted scalability tests of DMP algo-
rithm using the same example model Poly12CLG. For
many decision support applications, the variables of
interest tend to be discrete, such as feature identifi-
cation, entity classifications, or situation hypotheses.
In our experiments, we first show how the assessments
of hidden discrete nodes in a CLG are affected after
collapsing the Gaussian mixture into a single Gaus-
sian when passing messages. We use average absolute
probability errors between two discrete distributions
as the metric to evaluate the performance. In gen-
eral, when a node of interest is relatively far away
from the evidence, its posterior distribution would not



deviate much from its prior. In that case, it is diffi-
cult to show the impact of the approximation on the
inference error. So we purposely designed CPDs in
Poly12CLG to move the true posterior probabilites
away from its prior. Figure 6 shows the average and
maximum errors of the approximate posterior prob-
abilities for hidden discrete nodes V,A, L,B,H , and
C, obtained after collapsing Gaussian mixtures into
a single term over 100 Monte Carlo simulations. Av-
erage and maximum difference between the true pos-
teriors and the priors over these 100 simulations are
also shown in the figure for comparison. Figure 6(a)
presents the estimate errors when collapsing π values
only; Figure 6(b) shows the performance when col-
lapsing λ messages only; and Figure 6(c) displays the
inference errors when collapsing both π values and λ
messages whenever a mixture of Gaussians is present.
Notice that reducing the π value of a node does not

affect the network “above” it because the π message is
being sent downward in the network. Similarly, since
a λ message is being sent upward, reducing a λ mes-
sage will not affect the network “below” the node. For
example in Figure 6(a), the posterior probabilities of
V and A are exact, and in Figure 6(b), the estimates
of L,B,H , and C are also exact without inference er-
ror. When reducing both π values and λ messages, all
posterior distributions are not exact any more. Re-
sults shown in Figure 6(c) suggest that the approx-
imation errors diminish when the nodes are farther
away from discrete parents. For example, the approx-
imate errors for nodes L,H , and C are very small.
However, discrete parent nodes such as A, and B, are
affected significantly. This is not surprising due to the
relatively large approximation errors when collapsing
a multi-modal Gaussian mixture into a single term.
One way to achieve a desired accuracy is to specify
a pre-defined error bound whenever we try to reduce
a Gaussian mixture into one with fewer components.
Although it is difficult to perform theoretical analy-
sis of the total inference error after propagation, it is
possible to obtain bounded error if the threshold used
is small enough. Figure 7 demonstrates significantly
better performance for the same model but with the
normalized ISE of the reduced Gaussian mixture lim-
ited to less than 5% each time. As can be seen from
the figure, the average and maximum errors for all
nodes are well less than 1%.
Another example model called Loop13CLG (ex-

tended from Poly12CLG), shown in Figure 8, was
used for numerical experimentation on a network with
loops. Again, we assume that leaf nodes E and Z
are observable evidence nodes. With random obser-
vations, Figure 9 shows the average and maximum
absolute errors of posterior probabilities for hidden
discrete nodes over 100 Monte Carlo simulations. All
simulation runs converge in about 11 iterations. As
can be seen from the figure, average approximation
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(b) combining λ messages only
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Figure 6: Scalability test – performance loss after
combining Gaussian mixture into one single Gaussian.

errors caused by loopy propagation range from less
than 1% to about 5% for hidden discrete nodes.
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bilities resulted by limiting approximation error (<
5%) each time when reducing message with fewer
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Figure 8: Loop13CLG – an example CLG model
with multiple loops, consisting of 7 discrete
nodes V,A, L,B,H,C,E and 6 continuous nodes
U,X, TY,W,Z.

We also tested DMP with some other networks with
randomly pre-defined CPDs. All simulation results
suggest that the estimation errors reduce significantly
as the node is farther away from the discrete parent
nodes.
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Figure 9: Performance test with loopy CLG model.

4 Summary
In this paper, we present a new representation and
inference algorithm called DMP-HBN to exchange
messages between discrete and continuous variables.
Essentially, this new algorithm provides an alterna-
tive for probabilistic inference in hybrid Bayesian net-
works. It provides full density estimates for contin-
uous variables and can be extended with unscented
transformation [20] for the general hybrid models with
nonlinear and/or non-Gaussian distributions. Since
DMP-HBN is a distributed algorithm utilizing only lo-
cal information, there is no need to transform the net-
work structure as required by the Junction Tree algo-
rithm. Also recall that our previous works in [16], [17],
need to partition the hybrid model into different net-
work segments, each containing only pure type of vari-
ables and then conduct message passing separately.
Instead, DMP-BN can exchange messages directly be-
tween discrete and continuous variables within an uni-
fied framework. In addition, the algorithm does not
require prior knowledge of the global network topol-
ogy which could be changing dynamically. This is a
major advantage of the algorithm and is particularly
important to ensure scalable and reliable message ex-
changes in a large information network where compu-
tations are done locally.
As shown in the empirical simulation results, DMP-

HBN is scalable with a performance tradeoff of los-
ing some accuracy. For many decision support appli-
cations, we are mainly interested in hidden discrete
variables such as entity classifications or high level
situation hypotheses. The experimental results show
that the estimation errors of the hidden discrete vari-
ables depend on the network topology and are rela-
tively modest in the cases considered. Theoretically,
it is non-trivial to estimate the performance bounds
quantitatively due to message compressing and prop-
agation. This points to an important topic for future



research.
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